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Abstract

This article discusses the solution of the Burgers equation, which is a nonlinear partial
differential equation, particularly for the 3D Burgers equation. This equation will be solved
using a combination of the Homotopy Perturbation Method (HPM) and the Sumudu
Transform (ST), known as HPM-ST. HPM-ST an alternative method to those found in the
existing literature. This method is effective and easy to determining the analytic solution
of nonlinear equations. To implement HPM-ST, the Sumudu transform and inverse
Sumudu transform are applied first, so a nonlinear differential equation is obtained that
does not depend on the variable t. Then, HPM is applied to this equation to derive an
infinite series, which can be approximated using a Maclaurin series. The analytical solution
of the 3D Burgers equation obtained by HPM-ST is equivalent to the exact solution. To
provide an overview of the solution of the 3D Burgers equation, a visualization of the
obtained solution is also presented using MATLAB.
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INTRODUCTION

A differential equation is an equation that contains the relationship between the
derivative of one or more unknown functions, known as dependent variables, with respect
to one or more independent variables (Suryanto, 2022). Differential equations play a crucial
role in various scientific fields, including mathematics, physics, chemistry, and others. One
of the differential equations applied in physics is the Burgers equation. Differential
equations can be classified as either linear and nonlinear. Nonlinear differential equations
pose a particular challenge in obtaining analytical solutions, therefore they are often solved
using numerical methods. Nevertheless, it is still possible to solve nonlinear differential
equations analytically.

The Burgers equation is often used to model various physical phenomena, such as
nonlinear acoustics, gas dynamics, dispersive water waves, and shock waves (Alhefthi &
Eltayeb, 2023; Singh & Singh, 2022). This equation can occur in both 1D and
multidimensional cases. The multidimensional Burgers equation belongs to the category of
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coupled Burgers equations, which is a system of equations consisting of two or more paired
Burgers equations. One example of a multidimensional Burgers equation is the 3D Burgers
equation. To solve the nonlinearity of the 3D Burgers equation, an appropriate method is
required to obtain its analytical solution.

Various analytical methods can be used to solve nonlinear differential equations,
such as the Homotopy Perturbation Method (HPM) (He, 1999), the Variational Iteration
Method (VIM) (Chakraverty et al., 2019), the Laplace Variational Iteration Method
(Laplace VIM) (Singh & Singh, 2022), and Homotopy Perturbation Method-Sumudu
Transform (HPM-ST) (Kapoor & Joshi, 2023). Singh and Singh (2022) solved the 3D
Burgers equation using a combination of the Laplace transform and the Variational
Iteration Method, commonly reffered to as the Laplace VIM. The solution obtained is
equivalent to the exact solution. The Laplace transform facilitates the computational
process by eliminating the need for explicit integration.

Meanwhile, Watugala (1993) introduced the Sumudu transform and its
applications in solving differential equations and control engineering problems. However,
the Sumudu transform cannot be used to solve nonlinear problems (Kapoor, 2024).
Therefore, combining the Sumudu transform with other methods is necessary to solve
nonlinear differential equations. He (1999) introduced the HPM to determine analytical
solutions to nonlinear equations. This method combines the Homotopy technique and the
Perturbation method, which will produce solutions in the form of infinite series. Kapoor
(2020) used HPM to solve the 1D coupled Burgers equation. The analytical solution of the
1D coupled Burgers can be obtained using HPM. However, in its application, integrating
techniques are still needed to solve the 1D coupled Burgers equation.

Kapoor and Joshi (2023) combined HPM and the Sumudu transform to solve the
1D coupled Burgers equation and the 2D Burgers equation. This method utilizes the
Sumudu transform, so obtaining a solution does not require explicit integration. Based on
the results obtained, HPM-ST has proven to be effective due to its ease of implementation
and its ability to produce solutions equivalent to the exact solution. HPM-ST is a
combination of two effective methods to obtain analytical solutions of nonlinear equations
(Sushilaetal., 2014). In addition, HPM-ST has been successfully used in the Jaffery-Hamel
flow equation (Sushila et al., 2014), energy balance equation (Patra & Saha Ray, 2014), 1D
Keller-Segel equation (Atangana, 2015), Klein-Gordon equation (Mahdy et al., 2015),
Sine-Gordon equation (Kapoor, 2022), Convection-Diffusion equation (Kapoor & Joshi,
2022), and Schrédinger equation (Kapoor, 2024).

Based on the above discussion, the application of the HPM-ST to higher-
dimensional cases of the Burgers equation, such as the 3D Burgers equation, has not yet
been found in the literature. Therefore, this article proposes the use of HPM-ST as an
alternative approach to determine the solution of the 3D Burgers equation. The literature
review discusses the governing 3D Burgers equation, the Sumudu transform, and the
detailed steps of the HPM-ST. The methodology research section presents the steps for
solving the 3D Burgers equation using HPM-ST. The results and discussion section
presents the solution process of the 3D Burgers equation using HPM-ST, while the
conclusion and suggestion section summarizes the results obtained provides
recommendations for future research.
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Literature Review
This section explains of the 3D Burgers equation used, the basic concept of the
Sumudu transform, and the steps of the HPM-ST.

3D Burgers Equation
The 3D Burgers equation used in this article is given by equation (1) (Singh &
Singh, 2022).

bt + PPy + l»b(;by +wp, = (¢xx + d)yy + ¢Zz)r
Y+ PPy + ll)ll)y + oy, = (lpxx + l»byy + l»bzz)' 1)

wi + pwy + Yw, + v, = (wxx + wyy + wzz),
with initial value in equation (2).
¢(x,y,2z,0) =—-05x+y+z
Y(x,y,2,0) =x—05y+2z 2)
w(x,y,z,0) =x+y—0,5z

and domain -5 < x <5, -5 <y <5, and z = 0,5. The exact solution of equation (1) is
represented by equation (3).

(-0,5x+y+z)—2,25xt

_ ) . )
¢o(x,y,2,t) = 2250 , with the condition 2,25t“ # 1,
Y(x,y,2zt) = (x—o,fi/;-z)s—ti,zsw’ with the condition 2,25t% # 1, (3)
w(x,y,z1t) = (x+yzi)§z)5_tzz'252t , with the condition 2,25t% # 1.

Sumudu Transform
Definition 1. (Watugala, 1993) For every real number t > 0, the Sumudu transform F(6)
of a function f(t) is defined as follows:

1 (o0}
F(0) = SIf(t)] = 5 f e f(8) dt.
0

For every real number t > 0, the Sumudu transform of some functions f(t) is shown in
Table 1.

Table 1. Sumudu transform of f(t)

No f® F(0)
1. 1 1
2. t 0
3. t"
—n=20,1,23,.. en
n!
4, pat 1
1 —gae
5. .
sin(at —
((1 ) 1+ a262
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No f® F(08)
6. cos(at) —1
1+ a?62
7. sinh(at) 6
a 1—a?62
8. 1
cosh(at) 1—a?6?

Definition 2. (Moltot & Deresse, 2022) The inverse Sumudu transform of a function F(6)
represented as S~1[F(8)] is defined as follows:

STHF O] = f(®.

Theorem 1. (Moltot & Deresse, 2022) If F(6) is the Sumudu transform of f(t), then the
Sumudu transforms of the derived functions £'(t), f"(t), and f ™ (t) are given by:

F(O) —f(0) F( 0
F(0 0 (0
SIF"(0)] = ;2)_f(§2)_f(g )’
n—-1
F(0O (0
sl =SR2 S L)

k=0

Theorem 2. (Moltot & Deresse, 2022) Suppose f(t) and g(t) are two functions that have
the Sumudu transform. For arbitrary constants a and b, the following property holds:

Slaf(t) + bg(®)] = aS[f ()] + bS[g(D)]-

Theorem 3. (Moltot & Deresse, 2022) If S[f(t)] = F(8), then the Sumudu transform of
f(at) is given by:

S[f(at)] = F(ab),
with a being a non-zero constant.

Theorem 4. (Moltot & Deresse, 2022) If S[f(t)] = F(0), then:

S ©e] = = F (1)

" 1-a8 \1-ab/)
Homotopy Perturbation Method-Sumudu Transform (HPM-ST)

HPM-ST is a combination of the Sumudu transform, HPM, and He’s polynomial
(Patra & Saha Ray, 2014). To illustrate HPM-ST, consider the following nonhomogeneous

partial differential equation (Kapoor & Joshi, 2023; Patra & Saha Ray, 2014; Sushila et al.,
2014):

R(¢) +L($) + N(¢) = g(x, 1), (4)
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where ¢ = ¢(x, t). R is a differential operator of order n with respect to variable ¢ or %,
L is a linear differential operator, N is a nonlinear differential operator, and g(x,t) is a
source term. By applying the Sumudu transformation to both sides of equation (4), we
obtain

n—-1 ()
i1 =6m Y 2D s 0mg(,0) — 07S1L(#) + N 5)

k=0

Next, the inverse Sumudu transform is applied to both sides of equation (5), thus obtaining

¢ =G(x,t) — STO™S[L(¢) + N(¢)]], (6)

)
with G(x,t) = St [9” Z};;é‘p © 4 0"g(x, t)]. Next, HPM is applied to equation (6).

gn—k
Equation (6) is converted into homotopy form, so that the following equation is obtained

® = G(x,t) — p(STO™S[L(P) + N(®)]]), (7)

with p € [0,1] being the homotopy parameter and & = &(x,t,p). The homotopy
parameter p is also applied to @, so we obtained

o= pray, ®)
m=0

and its nonlinear terms can be written as

N@) = ) pTHy. ©
m=0
The H,, is a He’s polynomial of the form

)

1 om -
Hy (@0, ) = 1 m IV | ) o™
m=0

withm =0,1,2,3,::-and ®,, = ®,,(x,y, z,t). Equations (8) and (9) are substituted into
equation (7), thus obtained

z p"d,, =G(x,t) —p| ST|O"S [L (Z pmcbm) + z p™H,,
m=0 m=0 m=0

Next, by comparing the power coefficient p of both sides of equation (10), we obtain

(10)
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p°: ®y = G(x, 1),

pl: @y = —STHOMS[L(Dy) + N(Dy)]],
p?: @, = —STHOMS[L(P,) + N(@D]],
p3: @3 = —S7[O"S[L(D,) + N(P,)]].

The other components @, can be obtained in the same way, thus forming a series solution

N
o= Allim Z p"d,,.
m=0

Thus, the approximate solution is obtained as follows

¢(x,t) = lim &.
p-1

METHODS

The procedure to obtain the exact solution of the three-dimensional Burgers
equation involves several analytical steps. Initially, the Sumudu transform was applied to
equation (1), specifically to the derivatives of the functions ¢ (x,y, z,t), Y (x, vy, z, t), and
w(x,y,z,t), inorder to simplify the system by eliminating the time variable. Subsequently,

the inverse Sumudu transform was employed on the resulting expressions, so that a

nonlinear partial differential equation independent of the variable ¢ is obtained.

The next step involved the application of the Homotopy Perturbation Method

(HPM) as follows:

a. The equation obtained from the inverse Sumudu transform is transformed into the
homotopy form by applying the homotopy parameter p € [0,1].

b. Applying the homotopy parameter to &, ¥, Q, and the nonlinear terms. In this step, He’s
polynomials are used to represent the nonlinear components.

c. Substituting the expressions obtained in steps b into the equation formed in step a.

d. Comparing the coefficients of like powers of p to obtain the terms
Dy(x,y,2,t),d.(x,v,2,t), P, (x,y,2,t), and  so on, as  well as
Yo(x,y,2,t),¥1(x,y,2t),¥Y2(x,y,21t), and SO on, and similarly
Qo(x,y,2,t),0:.(x,y,2,t),Q(x,y,2z1t), and so on.

e. Approximating the series solution to obtain ¢(x,y, z,t), ¥(x, v,z t), and w(x,y, z, t).

Finally, the resulting solutions were visualized using MATLAB at selected time values,

specifically are t = 0 and t = 0.6, to illustrate the behavior of the system over time.

RESULTS AND DISCUSSION
Consider that equation (1) can be expressed as equation (11).

bt = rx + ¢yy + Py — PPy — 1/)(]53; — Wy,
Yr = Yux + Py + Y2 — Y — Py, — 0y, (11)

W = Wyx T Wyy + W, — Py — YWy, — Wy,

with initial value
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¢(x,v,2,0) =—-0,5x+y +z,
Y(x,y,z,0) =x— 0,5y + z,
w(x,v,z,0)=x+vy—0,5z

By applying Sumudu transform to both sides of equation (11), we obtain S[¢(x,y, z, t)]
which can be seen in equation (12) as follows

L Slee]l = S[¢xx + ¢yy + b — PPy — l/)qby - w¢z]
5 (S[¢(x' Yz, t)] - ¢(x'y) Z, 0)) = S[¢xx + ¢yy + ¢ZZ - ¢¢x - ll)d)y - wd)z]
Slp(x,y,2,0] = $(x,,2,0) + 0S[drx + by + bzz — P

_zl}(by - w‘l)z]- (12)

Next, we obtain S[Y(x, y, z, t)] in equation (13).

" S[lpt] = S[lpxx + l»byy + Y, — PPy — l/“/’y - wl/]z]
5 (S[ll)(x, Yz, t)] - 1!’(96, Y,z 0)) = S[lpxx + l»byy + l»bzz - ¢lpx - l/“/’y - wl/]z]
Sy, z,t)] = Y(x,y,2,0) + 0S[thex + Pyy + Pyz — Py

—l,bl,by - wlpz]: (13)

and S[w(x,y, z,t)] is obtained as shown in equation (14).

Slwe] = S[wgy + 0yy + 0, — Py — Yo, — ww,]

1
3 (Slw(x,y,2,t)] — w(x,y,2,0)) = S[wg, + Wyy + Wy — Py — YPw, — ww,]
Slw(x,y,2,t)] = w(x,¥,2,0) + 0S[we + wyy + W, — Py
Y, — a)a)z]. (14)

The initial value is substituted into equations (12), (13), and (14), resulting in the
following equation (15).

S[d)(x' Yz, t)] = (_O'Sx + y + Z) + 95[¢xx + ¢yy + ¢zz - ¢¢x - l/)(:by - wd’z]'
Shp(x,y,z,t)] = (x =05y +z) + Hs[wxx + 1/)yy + Y, — P, — ll)ll)y - wl/)z]: (15)
Slw(x,y,2z,6)] = (x +y — 0,52) + 0S[wy, + wyy + Wy, — Py — YPw, — ww,].

By applying the inverse Sumudu transform to both sides of equation (15), we obtain the
following equation (16).
¢(x,y,2z,t) =(—05x +y+2z)+ st [6S[¢xx + ¢yy + ¢ — PP — 1/)¢y - wd)z]] ,
1/)(x, Y,z t) = (x - 0,5)’ + Z) +571 [Qs[wxx + Izbyy + Izl}zz - ¢¢x - IlJI,lJy - wlpz]]' (16)
wy,z,t)=x+y—05z)+S?! [HS[wxx + wyy + W, — Py — Yo, — wwz]].

Then, HPM is applied to equation (16). Equation (16) is converted into homotopy form,
thus yielding the following equation (17).
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(@=(-05x+y+2)+p (57 [0S[dry + by + Dy, — DD, — W, — 00,]]),
W= (x— 05y +2) +p(ST[0S[Wy, + W,y + ¥y, — 0, — WY, — 0w, ]]) (17)
Q= (c+y—052) +p (57 [0S[0 + 0y + 0, — 0, — W0, - 00,]]),

with p € [0,1], ® = ®(x,y,z,t,p), ¥ =¥(x,y,2t,p), and Q = Q(x,y,z,t,p). P, ¥,
and € can be written in the form of equations (18), (19), and (20) as follows

O = Z P (18)
m=0

Y= Z pmy (19)
m=0

Q= Z pma, (20)
m=0

with @, = ®,,(x,y,2,t), ¥y = Yu(x,y,2t), and Q,, = Q,,(x,y,z,t). The nonlinear
terms are expressed as H(®, ¥, Q) = ®®, + Yo, + Qd,, [(D, ¥, Q) = OV, + YV, +
Q¥,, and J(?, ¥, Q) = Q, + ¥Q, + QQ,, which can be expanded into equations (21),
(22), and (23).

H(CD, v, Q) = pmHm, (21)
1(D,¥,Q) = p™" Ly, (22)
J@,9,0) = > p". (23)

m=0

Hp,, Iy, and J,,, are He’s polynomial with the following details

L om _ N i N i N i
Hy = g [H( 9100 ) w0, ) o ||
L \i=o i=0 i=0 p=0
1 om _ N i N i N i
b = | D P ) pe Y e )|
L i=0 i=0 i=0 p:()
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L om N i N i N i
Jm= a1 D Pl Y plw, > piey
+op i=0 i=0 i=0

Equations (18) through (23) are substituted into equation (17), obtaining equation (24)
through equation (26) as follows.

Z p"d, =(-05x+y+z)+p|S1|6S (Z pmd>m> + <Z pmcbm)
m=0 m=0 XX m=0
+ (Z pmq)m> - z p™Hy,
m=0 zZ m=0

Z p"™"W,, = (x—05y+z)+p|St|6s <Z pm‘Pm) + (Z pm‘}’m>
m=0 m=0 xx m=0

p=0

yy(24)

)

o o Y (25)
+ <Z pmqjm) - Z pmlm‘ ’
m=0 77 m=0
Z p"Qy = (x+y—052z)+p|S?! lGS l(Z pmﬂm) + (Z pmﬂm>
m=0 m=0 m=0
. 7 (26)

(&) 2]

In equations (24) to (26), the polynomial on the left side will be the same as the polynomial
on the right side if each p™ term has the same coefficient. Therefore, by comparing the

same terms on both sides of equations (24) to (26), we obtain:
The p° term produces @,, ¥,, and Q, as follows

by =—0,5x+y +z
Yy =x—-05y+z
Qy=x+y—05z

Next, the p* term is obtained as shown in equation (27).

CDI = 5_1 [65[(®0)xx + (cbo)yy + (CDO)ZZ - HO]] ’
l.[]l = S_l [95[(lp0)xx + (l'po)yy + (qJO)ZZ - IO]] )
Ql = S_l [95[(Q0)xx + (Qo)yy + (QO)ZZ _]0]] .

(27)
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The values of Hy, I, and J, are given by equations (28), (29), dan (30).

Hy = ®o(Dg)y + Vo (Py)y + Qo(Pp), = 2,25x, (28)
Iy = ®¢(Wo)yx + Wo(Wo)y + Qo(WYo), = 2,25y, (29)
Jo = Po(Qo)x + Po(Qo)y + Qp(Qp), = 2,25z (30)

Equations (28), (29), and (30) are substituted into equation (27), thus obtaining &4, ¥;,
and Q, as given below, hence

@, = S76S[0 — 2,25x]] = ST[6S[-2,25x]] = S~1[-2,25x0] = —2,25x¢,
W, = S716S[0 — 2,25y]] = S7[6S[-2,25y]] = S™1[-2,25y0] = —2,25yt,
Q, = S71[6S[0 — 2,25z]] = S71[6S[-2,25z2]] = S~1[-2,2520] = —2,25zt.

Thus, it is obtained

ch = _2,25xt,
lpl = _2,25yt,
Q, = —2,252t.

Then, the p? term results in equation (31) as follows

o, = s [95[(q)1)xx + ((D1)yy + (q)l)zz - Hl]] ’
lPz = 5_1 [95[(‘P1)xx + (Lpl)yy + (Lpl)zz - 11]] ) (31)
0z = 57 [0S[(Q)ax + Quyy + @)z — 1] .

The values of Hy, I, and J; are shown in equations (32), (33), and (34).

Hy = &g(Pg)x + P1(Pg)y + Po(P1)y + P1(Pg)y + Qo(Py), + Q1 (D),
= 2,5xt — 4,5yt — 4,5z, (32)

I = @g(Wy)x + P (Wo)x + Wo(Wr)y + W1 (Wo)y + Qo(W1), + Q1 (Wp),
= —4,5xt + 2,5yt — 4,5zt, (33)

J1 = @(Q1)x + @1 (Qo)yx + Po(Q1)y + P1(Qo)y + Qp(Q1),; + Q1(Qp),
= —4,5xt — 4,5yt + 2,5zt. (34)

By substituting equations (32), (33), and (34) into equation (31), we obtain ®,, ¥,, and Q,
as follows

®, = S7HOS[0 — (2,5xt — 4,5yt — 4,5zt)]]
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—5-1[95( 2,5x + 4,5y + 4,52)t]]
(- 25x+45y+452)9]

= (- 25x+45y+452)—

= —1,125xt% + 2,25yt? + 2,25zt2,

W, = S7OS[0 — (—4,5xt + 2,5yt — 4,5zt)]]
= 5—1[95 (4,5x — 2,5y + 4,52)t]]
[(45x—25y+452)9 ]
= (4,5x — 2,5yt + 4 SZ)—
= 2,25xt? — 1,125yt? + 2 ,25z2t2,

Q, = S71[6S[0 — (—4,5xt — 4,5yt + 2,5z0)]]
= 5—1[95 (4,5x + 4,5y — 2 SZ)t]]
(4,5x + 4,5y — 2 52)9 ]
= (4,5x + 4,5y — 252)—
= 2,25xt? + 2,25yt% — 1 ,125zt2,

Thus, it is obtained
&, = —1,125xt? + 2,25yt? + 2,25zt2,
Y, = 2,25xt? — 1,1253/1:2 + 2,25zt2,
Q, = 2,25xt? + 2,25yt2 —1,1252zt2.

The p3 term results in equation (35) as follows
3 = 57 [0S[(@2)ax + (@2)yy + (92),, — Hy],
Wy = 57 [0S[(W)ax + (¥2)yy + (¥a) — 1], (35)
05 = S [6S[( @)z + (02)yy + (02)z — J2]).

H,, I,, and ], are determined by equations (36), (37), and (38).

Hy = @g(D2)y + P1(P1)x + P2 (DPp)x + Yo (D2)y + W1 (P1)y + W2 (Dp)y
+Qo(P3); + Qy (D), + Qp(Pp),
= 15,1875xt2, (36)

I = @g(W)x + @1 (W) + D2 (Wo)x + Wo(W2)y + W1 (Wr)y + P2 (Wo),y
+Qo(¥2), + Q1 (P1), + Q2 (Yo),
— 15,1875y¢2, 37)

J2 = @o(Q2)x + P1(Q1)x + P2(Qo)y + Yo (Q2)y + 1 (Q1)y + P2(Q0)y
+0Q0(Q3), + Q1 (Q1); + Q2(Q),,
= 15,1875zt2. (38)

Equation (36), (37), and (38) are substituted into equation (35), so that
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@3 = S71[65[0 — 15,1875xt?]]
= §71[6S[-15,1875xt2]]
= S71[6(—15,1875x)(2! 62)]

= 571[-30,375x63]
3

t
= (-30.375x) 7
= —5,0625xt3,

Y, =S571[6S[0 — 15,1875y¢?]]
= §71[6S[-15,1875yt2]]
= 571[0(—15,1875y)(2! 62)]
= 5$71[-30,375y6°]
t3
= (=30375y) 3;
= —5,0625yt3,
Q3 = S76S[0 — 15,18752t2]]
= 571[6S[-15,18752t]]

= S71[6(—15,18752)(2! 62)]

= §~1[-30,375263]
3

t
= (-30,3752) 7
= —5,0625zt3.

Obtained,

d, = —5,0625xt3,
W, = —5,0625yt3,
Qs = —5,06252t3.

Next, the p* term is shown in equation (39).
(@4 =S71[OS[(@3)x + (@3)yy + (@3) — H3] ],

W, = 57108 (Wo)x + (¥a)yy + (¥3), — L], (39)
Q4 = 571 [0S[(Qa)ax + (Q)yy + (0)z2 — ]|

The values of Hs, I3, and J5 are obtained as shown in equations (40), (41), and (42).

Hy = ®o(P3)y + 1 (Py)x + Po(P1)y + P3(Pg)x + Wo(P3),, + W1 (D7),
W, (1)) + W3(Pg)y + Qo(P3); + Q1 (P2); + Qa(P1), + Q3(DPy),
— 10,125x¢3 — 20,25yt3 — 20,2523, (40)

I3 = ®g(W3)x + 1 (W) + P2 (W) + P3(Wo)x + Po(W3)y + W1 (F2)y
+W¥, (1)) + W5 (Wo)y + Qo (W3), + Q1 (W2), + Qp(W1), + Q3(Wo),
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= —20,25xt3 + 10,125yt3 — 20,25zt3, (41)

J3 = @(Q3)x + P1(Q2)x + P2(Q)y + P3(Qo)x + Po(Q3)y + ¥P1(Q22)y
+W,(Q1)y + W3(Qo)y + Qo (Q3), + Q1(Q3), + Q2(Q4), + Q3(Q0),
= —20,25xt3 — 20,25yt3 + 10,125zt3. (42)

By substituting equations (40), (41), and (42) into equation (39), we obtain

®, = S76S[0 — (10,125xt3 — 20,25y¢3 — 20,25z¢3)]]
= 5-1[95[(—10,125x + 20,25y + 20,252)¢3]]
~1[6(—10,125x + 20,25y + 20,252)(3!63)]
~1[(-60,75x + 121,5y + 121 52)0 ]

= (—60,75x + 121,5y + 121 5z)—
= —2,53125xt* + 5,0625yt* + 5 0625zt4,

Y, = S71[6S[0 — (—20,25xt3 + 10,125y¢3 — 20,25z¢3)]]
= §71[6S[(20,25x — 10,125y + 20,252)¢3]]
~1[6(20,25x — 10,125y + 20,252)(3! 683)]
~1[(121,5x — 60,75y + 121 52)9 ]
= (121,5x — 60,75y + 121 5z)—

=5,0625xt* — 2,53125yt* + 5, 0625th4

Q, = S71[6S[0 — (—20,25xt3 — 20,25yt3 + 10,1252t%)]]
= 5-1[95[(20,25x + 20,25y — 10,1252)t%]]
~116(20,25x + 20,25y — 10,1252)(3! 68°)]
~1(121,5x + 121,5y — 60 752)0 ]

= (121,5x + 121,5y — 60 75z)—
= 5,0625xt* + 5,0625yt* — 2, 53125zt4.

Thus, it is obtained
&, = —2,53125xt* + 5,0625yt* + 5,0625zt%,

Y, = 5,0625xt* — 2,53125yt* + 5,0625zt4,
Q, = 5,0625xt* + 5,0625yt* — 2,53125zt*.

Next, the p® term is given by equation (43).

®; =571 [95[(c1>4)xx + (Py)yy + (D), — H4]],
W5 = S [0S[(Wa)x + (Wadyy + (P42 — ]|, (43)
Qs = s-1 [95[(94)xx + (Q4)yy + (Q4)zz _]4]]-

The values of Hy, 1,, and ], are presented in equations (44), (45), and (46).
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Hy = @o(@y)y + P1(P3)x + Po(2)x + P3(Py)x + Pu(Pg)x + Po(Dy),
W (P3)) + Vo (D)) + W3(Dy)y + Wa(Pp)y + Qo(Py), + Q1 (P3),
+Q5(P3), + Q3(Py), + Qu (D),
= 56,953125xt*, (44)

Iy = Pg(Wp)x + P1(W3)x + Po(W2)x + P3(W1)x + Pu(Wo)x + Wo(Wa)y
+W; (W3)y + Vo (Vo) + W5 (V1)) + Wa(Wo)y + Qo (Wy), + Q1 (W3),
+Q,(F2), + Q3(W1), + (W),
= 56,953125yt4, (45)

Ja = Po(Qy)yx + P1(Q3)x + P2(Q2)y + P3(Q1)x + Pu(Qo)x + LIJO(QLI-)y
¥ (Q3), + W2(Q2)y + W5(Q1)y + Pu(Qo)y + Qo(Q4), + Q1(Q3),
+0,(Q2); + Q3(Qq), + Qu(Qo),
= 56,953125zt*. (46)

Equations (44), (45), and (46) are substituted into equation (43), so that

@5 = S71[6S[0 — 56,953125x¢t*]]
= S7'[65[-56,953125xt*]]
= S71[6(—56,953125x)(4! 6%)]

= S 1[-1366,875x6°]
5

t
= (-1366875x) ¢,
— —11,390625xt5,

W = S71[0S[0 — 56,953125y¢*]]
= 571[0S[-56,953125yt*]]
= $71[6(-56,953125y) (4! 6%)]
= 571[-1366,875y60°]
5

t
= (-1366875y)
= —11,390625yt5,

Qs = S71[6S[0 — 56,953125zt*]]
= S71[6S[—56,953125zt*]]
= S71[6(—56,9531252) (4! 6%)]
= §71[-1366,875265]
tS
= (-1366,8752) ¢;
= —11,390625zt°.

Thus, it is obtained
& = —11,390625xt>,
W, = —11,390625yt5,
Qs = —11,390625zt>.
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Thus, the solutions of the series @, ¥, and () are as follows

b =Dy +pd, +p?d, +p3d; +ptd, +p Db + -
= (=0,5x + y + z) + p(—2,25xt) + p?(—1,125xt? + 2,25yt% + 2,25zt2)
+p3(=5,0625xt3) + p*(—2,53125xt* + 5,0625yt* + 5,0625zt*)
+p>(—=11,390625xt>) + -+,

Y=Y, +p¥, +p?¥, + p3¥; + p*¥, + p W + -
= (x — 0,5y + z) + p(=2,25yt) + p?(2,25xt? — 1,125yt? + 2,252t?)
+p3(=5,0625yt3) + p*(5,0625xt* — 2,53125yt* + 5,0625zt*)
+p>(—11,390625yt>) + -,

Q=0 +pQ +p2Q, + p3Q; + p*Qy + p°Qs + -
= (x+y—0,52) + p(—2,25zt) + p?(2,25xt? + 2,25yt? — 1,125zt?)
+p3(=5,0625zt3) + p*(5,0625xt* + 5,0625yt* — 2,53125zt%)
+p5(—11,390625z2t>) + -+,

Furthermore, the approximation solutions ¢, ¥, and w are

¢(x,y,2,t) = lim ®
p-1

= —0,5x + y + z — 2,25xt — 1,125xt? + 2,25yt? + 2,25zt% — 5,0625xt3
—2,53125xt* + 5,0625yt* + 5,0625zt* — 11,390625xt> + -+,

Y(x,y,zt) =lim¥
p-1

=x—0,5y+2z— 2,25yt + 2,25xt? — 1,125yt? + 2,25zt? — 5,0625yt3
+5,0625xt* — 2,53125yt* + 5,0625zt* — 11,390625yt> + ---,

w(x,y,zt) =1limQ
p-1

=x+y—0,5z— 2,25zt + 2,25xt? + 2,25yt? — 1,125zt — 5,0625zt3
+5,0625xt* + 5,0625yt* — 2,53125zt* — 11,3906252t> + ---.

Thus, it is obtained
¢(x,y,2t) = ((—0,5x + y + z) — 2,25x¢t)(1 + 2,25t% + 5,0625¢* + ),

Y(x,y,2t) = ((x — 0,5y + z) — 2,25yt)(1 + 2,25t% + 5,0625¢* + --),
w(x,y,2,t) = ((x+y—05z) —2,252t)(1 + 2,25t* + 5,0625t* + ---).

Given that (1 + 2,25t2 + 5,0625t* + --+) is the Maclaurin series of the function f(t) =
(1—2,25t%)"1, we get

-0,5 -2,25xt . »
d(x,y,zt) = o x1t3;+225)t22 2% with the condition 2,25¢2 # 1,
-0,5 —2,25 . ..
Y(x,y,2,t) = (x 01i,;z)5t§2 yt, with the condition 2,25t2 # 1, 47)
—0,52z)—2,25 . ..
w(x,y,zt) = (x+y1_02 ?5;2 2 with the condition 2,25¢2 # 1.
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Based on equation (47), the solution of the 3D Burgers equation (1) using HPM-
ST is equivalent to the exact solution of the 3D Burgers equation shown in equation (3).
The solution obtained using the HPM-ST method also corresponds to the solution of the
3D Burgers equation (1) obtained using the Laplace VIM, as presented in the research by
Singh and Singh (2022). The visualization of the solution of the 3D Burgers equation (1)
att = 0 canbeseeninFigure Landatt = 0,6 can be seen in Figure 2.

sixy.2t)
vyt

@ (b)

wixy.zt)

©
Figure 1. The visualization of the solution of 3D Burgers equation (a) ¢(x,y,z,t) att = 0 (b)
Px,y,zt)att =0 (c) w(x,y,z,t)att =0
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Figure 2. The visualization of the solution of 3D Burgers equation (a) ¢(x,y,z,t) att = 0,6
(b) Y(x,y,z,t)att =0,6 (c) w(x,y,z t)att=0,6

CONCLUSION AND SUGGESTIONS

Based on the results and discussion presented, it can be concluded that HPM-ST
has been successfully applied to the 3D Burgers equation. The solution obtained is also
equivalent to the exact solution. The solution of the 3D Burgers equation in equation (1)
with initial value given in equation (2) using HPM-ST is:
(—0,5x +y +z) — 2,25xt

p
_ . . . 2
¢o(x,y,2,t) = 12250 ,with the condition 2,25t* # 1,
x — 0,5y +2z) — 2,25yt . .
L Y(x,y,z,t) = ( ly— 2’2)51:2 4 , with the condition 2,25t% # 1,
x+vy—0,5z)— 2,25zt ) o
\ w(x,y,zt) = ( yl — 2,2)5t2 , with the condition 2,25t% # 1.

In practice, more complex equations, such as the fractional Schrddinger-KdV equation,
pose a greater challenge in the application of HPM-ST. Therefore, future research can apply
HPM-ST to other more complex differential equations or compare HPM-ST with a
combination of the Sumudu transform with different analytical methods to solve the 3D
Burgers equation.
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