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Abstract

Zorko spaces are introduced to address the density issue in Morrey spaces, which are
defined by utilizing the difference of a function of first order. Later the difference of a
function of second order is also employed to define modified Zorko spaces and
approximation properties are investigated therein. On the other hand, integral operators are
mostly studied on the boundedness properties in Morrey spaces and its variants. In this
paper, integral operators, especially Hardy-Littlewood maximal operators and fractional
Hardy-Littlewood maximal operators, are investigated on its boundedness properties in
Zorko spaces. Furthermore, closedness of Zorko space under Hardy-Littlewood maximal
operators has been proved.
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INTRODUCTION

Morrey spaces as a generalization of Lebesgue spaces have different properties in
terms of the density of smooth functions than those of Lebesgue spaces. While the set of
smooth functions is dense in Lebesgue spaces, Zorko (1986) provided an example of
function in Morrey spaces which failed to be approximated by smooth functions or even
continuous ones. To address the issue, Zorko defined a subspace of LP#, which is then
called Zorko space, whose translation of each member is continuous, that is
lf ¢ =) — fll = 0as|y| = 0. In the paper, Zorko proved that the subspace is the closure
of the functions in C*(R™) in the form of a convolution with a mollifier. Following this
result, Hasanah & Gunawan (2024) modified the Zorko space by employing the second
order of difference and proved that the space is a closure of smooth functions in Morrey
space, and similar result was obtained in the variant of Morrey space in Hasanah &
Gunawan (2025).

Having established the structural properties of Zorko spaces, attention naturally
turns to the kinds of operators that act on the spaces. Because infinite-dimensional spaces
admit many unbounded operators, determining boundedness becomes crucial in
understanding the analytic behavior these spaces can support. In this context, integral
operators, such as maximal operators, serve as an important class to investigate, as they
appear widely in PDEs and potential theory. The study of maximal operators is one of the
most important topics in harmonic analysis (Gogatishvili & Mustafayev, 2015). Analyzing
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the boundedness of an operator within normed spaces is equivalent to establishing its
continuity or the operators which allows the use of powerful theorems and tools from
harmonic analysis. This continuity is crucial for practical applications, theoretical
development in functional analysis, and modeling physical phenomena.

Morrey spaces, in certain instances, can accommodate the boundedness properties
of operators that cannot be addressed within the framework of Lebesgue spaces. The
boundedness of the Hardy-L.ittlewood maximal operators was established by Chiarenza &
Frasca (1987), while Adams & Xiao (2004) investigated the fractional integral operator
and the fractional maximal operator under the equivalence of the Morrey norms. The study
of the boundedness of singular operators including the Hardy-Littlewood maximal operator
and the fractional Hardy-Littlewood maximal operator has been conducted within various
extensions of Morrey spaces, such as Ho (2013), Zhou & Zhao (2022), Ramadana &
Gunawan (2023), and Hao et al. (2024). This paper examines the classical singular
operators, namely the Hardy-Littlewood maximal operator and the fractional Hardy-
Littlewood maximal operator on Morrey spaces, with a focus on Zorko spaces.

Although several works have addressed the structural properties of Morrey-type
spaces, the analysis of how maximal operators interact with the internal stability of Zorko
spaces represents a natural and significant direction alongside the study of boundedness.
This perspective aligns with the work of Deringoz (2024), who demonstrated that the
vanishing property defining the vanishing Orlicz—-Morrey space is preserved under
maximal operators, as well as Diarra & Fofana (2023), who explored invariance
phenomena within certain families of Banach spaces under the Hardy—L.ittlewood maximal
operator. However, despite those contributions, the literature has not yet provided whether
the closedness property in terms of translation invariance is preserved within the
framework of Zorko spaces. To complement the boundedness results, this paper therefore
investigates the invariance properties of Zorko spaces under the action of the Hardy—
Littlewood maximal operator and the fractional Hardy—L.ittlewood maximal operator with
a focus on establishing translation-invariant structure of the space.

Preliminaries

Morrey spaces introduced by Morrey (1938) play a pivotal role in the study of
elliptical partial differential equations. The Morrey space LPA(R™), 1 <p < o, 0 <1<
n consists of all p-integrable functions f on R™ such that

b

1
Ifllypa = su (r_a | If(y)lpdy> <o,
x B(x,r)

ER™,r>0

Throughout this paper, B(x, ) denotes an open ball centered at x € R™ with radius » > 0.
Foraset E in R™, if E is measurable set in R™, then |E| denotes the Lebesgue measure of
E. Morrey spaces can be considered as a generalization of Lebesgue spaces. However, the
density property of smooth functions that holds in Lebesgue spaces does not extend to
Morrey spaces. Zorko (1986) proposed a closed subset of a Morrey space in which the
translation of each function is continuous and proved the denseness property in the subset
which later is called Zorko space.

The Zorko space LP*(R™) consists of all functions f € LP*(R™) which have the
property of continuous translation, i.e.,

LPAR™) = {f € LP:|If (x = y) = f ()l 02 = O as |y| - 0},
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For 0<A<n, we have an inclusion LPA(R") c V,LPA(R™) c LP*(R™), where
V,LP*(R™) denotes the vanishing Morrey subspace at the origin. Taking 1 = 0 results in
the relation LP°(R™) = V,LP°(R™) = LPO(R™) = LP(R™). The Zorko space is a closed
sunspace in a Morrey space. The density issue of smooth functions in Morrey spaces is
dealt with using mollifiers. From now on, we omit the reference of the domain when it is
the whole R™.

The Hardy-Littlewood maximal operator M dan fractional maximal operator M,
where 0 < a < n, are defined by

Mf (x) = sup If(2)|dz,x € R,

>0 |B(x: r)l B(x,r)

and

1
Mf @) = sup———— [ If@)ldz,x e R,
™0 |B(x, 1) S5

for locally integrable functions f on R™. It is well known that M is bounded on Lebesgue
spaces LP for 1 < p < oo and on the general Lebesgue space LP®) as shown in (Nekvinda,
2004). The boundedness property of the Hardy-Littlewood maximal operator in Morrey
spaces LP*(R™) has been proved in (Adams, 2015) as stated in the following.

Theorem 1. For any function f in Morrey space LP* with 1 <p < o, 0 < A < n, the
Hardy-Littlewood maximal operator M is bounded in LP#, i.e. there is a constant C
independent of f such that

IMfllpa < CNIfllpa.

This boundedness property of maximal operators ensures that tools like the Calderdn-
Zygmund decomposition or Sobolev-type embeddings can be adapted to the Morrey
setting.

Boundedness on Morrey spaces often serves as a bridge between different scales
of function spaces. The fractional maximal operator M, with 0 < a < n, maps LP*
boundedly into LP# stated in the following theorem.

Theorem 2. Let f be a function in Morrey space LPA, 1 < p < g 0<A<n-—ap,and
define

1 1 a q

==

q p n—4» P

The Hardy-Littlewood fractional maximal operator M,, is bounded from LP* into L%
under the relation

IMefllLan < CIIfIl pa
where C depends only on n,p, 4, a.
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METHODS

The research employs a theoretical analytical approach to investigate the
boundedness of maximal operators in Zorko spaces and to establish their closedness
properties. The study begins with a comprehensive review of the fundamental concepts of
Morrey and Zorko spaces, followed by definition-based analysis on Hardy-Littlewood
maximal operators and its properties on Morrey spaces. The boundedness of the Hardy—
Littlewood maximal operator and its fractional counterpart in Zorko space is then
formulated using the definition of Zorko space and corresponding boundedness theorems
of the operators in Morrey spaces. Employing the property of translation preservation by
maximal operators ensures the next step, i.e. preservation of structural information in Zorko
space. The methodology relies on functional analytic techniques, norm equivalence
arguments, and existing results from Morrey spaces to ensure the validity and generality of
the findings.

RESULTS AND DISCUSSION

The boundedness properties of the Hardy—Littlewood maximal operator and the
fractional Hardy—Littlewood maximal operator within Morrey spaces have been
extensively examined in prior works, including those by Nekvinda (2004), Adams & Xiao
(2012), Adams (2015), and (Gunawan & Schwanke, 2019). Building upon these
foundational studies, this section focuses on functions belonging to Zorko spaces. Since a
Zorko space constitutes a subspace of a Morrey space, any function fresiding in a Zorko
space inherits the boundedness property of its image under the action of the Hardy-
Littlewood maximal operator or its fractional analogue, as established by Theorem 1 and
Theorem 2. Specifically, the detailed formulation of this boundedness property is presented
as follows.

Theorem 3. Let f € LP4, 1 < p < o0, and 0 < A, a < n. The Hardy-Littlewood maximal
operator M and the fractional Hardy-Littlewood maximal operator M, act on f are
bounded, i.e. there is a constant C independent from f such that

IMfllpa < ClIfllpa

and

IMefllpa < ClIfllLar.

In the next discussion, we turn our attention to the closedness property of Zorko
spaces under the action of maximal operators. While the boundedness of these operators
on Morrey and Zorko spaces has been established, the question of whether the image of a
function under such operators remains within the same Zorko space has not been fully
addressed in earlier studies. Specifically, for a function f € LP* belonging to a Zorko
space, it remains an open problem whether the image Mfor M, f, produced by the Hardy-
Littlewood maximal operator or its fractional counterpart, also lies in the Zorko space.
Investigating this property is essential for understanding the structural stability of Zorko
spaces under these operators, as it provides insight into whether these spaces are invariant
or closed with respect to the application of maximal and fractional maximal operators.

The Zorko space can be regarded as a subspace of a Morrey space that consists of
functions exhibiting continuity with respect to translation. In other words, for any function
f belonging to a Zorko space, the norm of the translated function f (- +y) approaches that
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of f as the translation parameter |y| tends to zero, ensuring a form of smoothness and
stability under small shifts. This translation continuity distinguishes Zorko spaces from
general Morrey spaces and plays a crucial role in the analysis of operator behavior. The
following lemma establishes an important property of maximal operators in this context,
namely their invariance under translation. This means that applying a maximal operator to
a translated function yields a translation of the operator’s image, preserving the functional
structure within the Zorko space. Such a property is fundamental for further demonstrating
the closedness of Zorko spaces under maximal operators and for understanding how these
operators interact with translation-continuous functions.

Lemma 4. Let f€LP* 1<p < oo, and 0 < A, <n. Zorko spaces are translation

invariant under the Hardy-Littlewood maximal operator and the fractional Hardy-
Littlewood maximal operator, that is M(t,, f)(x) = 7,(Mf)(x), where 7,Mf is defined

by
(r,Mf)(x) = (Mf)(x —y), xy€R™

Proof. By the definition of the Hardy-L ittlewood maximal operator and changing variable
we have

1
M(Tyf)(x) - iglg |B(x,1)| fB(x,r)lryf(Z)| dz
1
= i‘ilgmflg(x,r)lf(z —y)ldz

1
I TS fB(x—y.r)lf(u)l du

r>0
=Mfx-y)
= (Tny)(x).

By similar argument, we also have that M, (7, ) (x) = (t,M,f)(x).

The subsequent lemma establishes a relationship between the translation of a
function belonging to a Zorko space and the corresponding transformation under the action
of maximal operators. Specifically, it characterizes how the behavior of a function under
translation is reflected through the operation of the Hardy—Littlewood maximal operator
and its fractional counterpart. The result serves as a basic step in analyzing whether Zorko
spaces remain invariant or closed under these operators.

Lemma5. Let f € LP4, 1 < p < o0, and 0 < A, a < n. The following inequality holds
M(ryf)(x) —Mf(x) < M(Tyf —f)(x),x € R"
and

Ma(Tyf)(x) —Myf(x) < Ma(Tyf - f)(x),x € R"
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Proof. Using the definition of the Hardy-Littlewood maximal operator and the triangle
inequality obtains

M ()0 = SUP s f |73 ()] d2
- iggmfm)v(z -y)ldz
SUp s Sy (2 = ) = @] + If ()] dz
< SUD e el (2 = ) = F@N dz + Sup s [y If ()] dz

<sup————
>0 |B(X,T)| B(x,r)

ey f = H(@)]dz + sup If (2)| dz

1
SO 1BG M ey
= M(tyf — f)(x) + Mf ().
Thus, we have
M(t,f)(x) = Mf(x) < M(7,f — f) ().

This property is also held for fractional counterpart of maximal operator by similar
arguments. We are now prepared to establish the closedness property of Zorko spaces under
the action of maximal operators.

Theorem 6. Let f € LP*, 1 < p < o0, and 0 < A, @ < n. The Zorko space LP* is closed
under the action of Hardy-Littlewood maximal operator and fractional Hardy Littlewood
maximal operators, i.e. Mf is in P and M, f is in L2 for

1
p n—2 P

1
q
Proof. By virtue of Lemma 4 and Lemma 5, we get

Mf(x —y) — Mf(x) = Ty Mf (x) — Mf (x)
= M(z,f)(x) — Mf(x)
<M(t,f — f)(x).
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Taking Morrey norm for above inequality and by virtue of Theorem 3 have obtained
IMf (= y) = MF@Ollpa < [[M(zy f = F)®|| pa
< Cllryf = fll pa
Taking limit of both sides, as |y| — 0 we have
Jim [1Mf G = ) = ME@llypa < lim llzyf = £l 52 = 0
as f € P, This states that Mf is in Zorko space LP*. By similar argument, we also have
”Maf(x - Y) - Maf(x)”Lq'” <C ”Tyf - f”Lp,A'
Taking limit on both sides ensures the membership of M, f in L4,

In previous studies, specifically in Hasanah & Gunawan (2024) and Hasanah & Gunawan
(2025), Zorko space has the property that is closed under convolution with integrable
kernel. The result in this paper strengthens the stability in terms of translation and the
closedness of Zorko spaces.

CONCLUSION AND SUGGESTIONS

The Hardy-Littlewood maximal operator and its fractional variant are bounded on
Zorko spaces. Moreover, the result confirms that Zorko spaces preserve translation
continuity under the Hardy-Littlewood maximal operator and its fractional counterpart.
This finding represents a significant step toward establishing the closedness properties of
Zorko spaces within the broader context of Morrey-type function spaces.

A promising avenue for further studies would be to investigate whether other
fundamental operators in harmonic analysis, such as Calderén—-Zygmund singular integrals,
Riesz potentials, or commutators, also act boundedly on Zorko spaces. Additionally,
exploring interpolation properties and duality theory for Zorko spaces could further clarify
their role as a bridge between classical Morrey spaces and more general function spaces
with variable or mixed norms.
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